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We consider a model Venttsel type problem for linear parabolic systems of eqnations. The Venttsel 
type bonndary condition is fixed on the flat part of the lateral snrface of a given cylinder. It is dehned 
by parabolic operator (with respect to the tangential derivatives) and the conormal derivative. The 
Holder continnity of a weak solntion of the problem is proved nnder optimal assnmptions on the 
data. In particnlar, only bonndedness in the time variable of the principal matrices of the system 
and the bonndary operator is assnmed. All resnlts are obtained by so-called A(t)-caloric method p. 


1 Introduction 

In this paper we stndy regnlarity of weak sointions of the linear parabolic systems nnder the Venttsel 
bonndary condition on the flat part of the lateral snrface of a given cylinder. 

Let fii(O) = {x G M"" : |x| < 1}, HpO) = i?i(0) fl {xn > 0}, (2i(0) = i?i(0) x (—1,0), and 
QpO) = gi(0) > 0}. 

We consider a solntion u : gpO) —)■ V > 1, of the problem 

ut-div{a{z)\/u) = f{z), z G QpO), (1) 

ut - div'(6(V)V'n) + = 'ipiz'), z' G ThO), (2) 

ona 

where Tpo) = gi(0)n{a:„ = 0}, a: = {x’,Xn), z' = {x',0,t), div'(-) = V'n = 

We assnme that a{z) and b{z') are bonnded positive dehnite nondiagonal [nN x nN] and [(n — 
1)N X (n —1)V] matrices, = (a(z)VM,n)- vector of the conormal derivative. Let / G L^(gpO)), 
"0 G L^(ri(0)), more exact assnmptions on the data will be formnlated below in conditions HI - H5. 


Definition 1.1 A function u G H ■= L^(Ai; W[Ki] lV 2 ^( 7 i)) is a weak solution to problem 
m, m if it satisfies the identity 



[-U r]t + ia{z)Vu, Vr/)] dz + 



[—u rft + b{z')V'u, Vy] dr 



f 7] dz + 


fjpdV, 


Ti 


(3) 


with any function rj G C°°{Qf), snpp^ G Qf U Ti. 



Here and below we denote Ai = (—1,0), 71 = -Bi(O) fl = 0}. Certainly, we can assnme that the 
test-fnnctions rj belong to the space hl 9 Q+\ri = 0 - 

The bonndary condition ([2]) inclndes both the conormal derivative of u and parabolic second order 
operator with an elliptic operator relative to the tangential derivatives. Snch bonndary condition is 
referred to the Venttsel condition. A specific of the problem nnder consideration is that the bonndary 
operator is very strong one, and integral identity ([3]) is not homogeneons one with respect to similarity 
transformation of the variables. 

To onr days the scalar [N = 1) Venttsel problem (considered in |23] nnder more general bonndary 
condition) was stndied for elliptic and parabolic nonlinear operators of different classes (see [ 22 ] and 
references therein). 

In the case of vector-fnnctions {N > 1), regnlarity of weak solntions to the stationary Venttsel 
problem was stndied in [3] and |1]. Elliptic operators with constant coefficients were considered in [3] 
and the Campanato integral estimates were obtained for smooth solntions of the Venttsel problem. 
Regnlarity of weak solntions of the linear elliptic Venttsel problem was stndied in the scale of the 
Morrey- Campanato spaces in [Ij. In particniar, the Holder continnity of solntions and their first 
and second derivatives were proved in |1], N > 1. 

In [5], the anthor considered the Venttsel problem for quasilinear elliptic operators, N > 1. It is 
well known that one can expect only partial regnlarity of weak solntions of systems with qnasilinear 
operators f[T 6 ]. na, na, nil and references therein). Moreover, it was proved that singnlarities 
may be concentrated near the bonndary even nnder trivial Dirichlet condition [15]. In [5], the anthor 
proved partial regnlarity of weak solntions of the Venttsel problem for qnasilinear elliptic operators 
with matrices a{x,u) and b{x',u) (/, "0 = 0) and estimated the Hansdorff measnre of admissible 
singnlarities in the vicinity of the bonndary. To stndy regnlarity, it was applied the so-called A- 
harmonic method [20]. The method allowed to relax continnity assnmptions on a{x,u) and b{x',u) 
in variables x and and x' respectively to the integral (VMO) continnity conditions. 

Here we stndy regnlarity of weak solntions ([3]) of the Venttsel problem for linear parabolic operators 
in the model setting ([T]), ([2D and apply so-called A{t)- caloric method. 

The method of A-caloric approximation was proposed by F.Duzaar, G. Mingione in [18] to stndy 
regnlarity of weak solntions to a wide class of nonlinear parabolic systems (see also [I9]). According 
to this method, one can estimate locally the difference in L^- norm between a smooth solntion of the 
simplest parabolic system with the constant matrix A and a solntion of the nonlinear system nnder 
consideration. The main A-caloric lemma was later modified in [1] to A(t)-caloric lemma. Snch 
modification allowed to compare well enongh a solntion of qnasilinear parabolic system with the 
principal non smooth in time matrix and a solntion of the model system with the principal matrix 
A{t) where A{t) is only bonnded in t. The application of y4(f)-caloric lemma allowed to prove partial 
regnlarity of weak solntions of qnasilinear parabolic systems with matrices a{x, t, u) which are VMO- 
smooth in x and only bonnded in time variable t. Then it was proved partial regnlarity of a solntion 
of the Canchy-Dirichlet problem for qnasilinear parabolic systems nnder the same assnmptions on 
the principal matrix [ 2 ]. 

It shonld be mentioned works E-ini where different classes of nonlinear parabolic scalar eqnations 
and linear parabolic systems were stndied with non smooth in time principal matrices. 

In this paper we formnlate A(t)-caIoric lemmas in an appropriate form (Section 3) and prove Holder 
continnity of weak solntions defined in ([ 3 D nnder relax conditions on the matrices a{x, t) and b{x', t). 
More exactly, we assnme only integral continnity of these matrices in the space variables and bonnd- 
edness in the time variable t. 


We introduce the following notation 


Br{x^) = {x eR"-: \x-x^\<R}, B^{x^) = BR{x^)n{xn> Sr{x^) = dBR{x°), 

S'+(a;0) = Sr{x°) n {Xn > , Jr^X^) = Br{x^) fl {x„ = 0 :°}, RR{t°) = 

Qr{z^) = Br{x^) X (AR(t°)), Qr{z^) = B^{x^) X rR(2;°) = 7 h(x°) x AR{f)] 


we write Qr, Q^, Fr, BJ^, if z^ = 0; |-D|m = meSmD - is the Lebesgue measure of D in M™, 

Un = meSnBi] 


= TT^r— / f = ■/ 'Vr^xoit) = J v{x,t)dx, 

\^\n+l JD jQtnQAz^) JB+nBJxA 


||n||p^Q is the norm in L^^Q); W^iQ) is the Sobolev space of functions v in A^(Q) possessing weak 
derivatives Vx^, Vt E L‘^{Q),i = 1, ...n. 

We denote by ; S) and ; 6) the Morrey and Campanato spaces in the parabolic metric 

6{z\z^)=max{\x^-x^\,\R-R\^B} 


where 


L‘^’^{Qt',S) — {veL‘^{Qi): ||'y|| 2 ,A;Q+ < oo}) AG(0,n + 2], 

11 ^^ 112 ,A;QA = 1 4/ \v\^dz\ ; 

\p<ix°GQ+ P JQp{z°)nQ+ ) 

the space A G (0,n + 4], is the space of functions from with the hnite norm 

I'^l 2 ,A;Q+ = ll'^ll 2 ,Q+ + ['^] 2 ,A;Q+ 

where the seminorm 

H2,A;Q+ = sup 4/ \v{z)-Vp^^o\^dz <00. 

P<i,zO&Qt P JQt^QpF^) 


We put 


M''-"(QyX)) = L=(A„((»);W--yB;(x»))), ir‘’“(rH(X)) = L=(Ah((“)A7(7r(x"))); 

h{QUA) = n 

r''>«t(X)) = C(fAm\ i‘"(St(a:“))) n r^(AH(«»); Wi_(B%A))h 
= c(KAn; B( 7 r(A)) n B(AR(n w,‘(jMA)). 
rWt(X)) = r<‘)(Qj(/)) n rP)(rH(X)). 


We write v E B(Q) instead of n G B(Q;M^)) for the sake of brevity. Different constants depending 
on the data of the problem are denoted by c, Cj. 






2 The main results 


We formulate the basic assumptions: 

• HI The matrix a is dehned in Q^"(0) and has measurable bounded entries. There are positive 
constants v, fi such that 

= (4) 

l(o(2)p,9)l < Alpikl, P.peK”", 

for almost all z G Qi- 

• H2 G VMO{B^) for almost all t G Ai and 

sup 4 4 \a{y,t) - dydt =: ql{r) ^ 0, r ^ 0, (5) 

p<r,zOeQ+ JApit°) JBpixO)nB+ 

where 

ap,xo{t) = 4 a{y,t)dy. 

JB+nBpixO) 

• H3 The matrix b is defined on Ti and has measurable bounded entries. There are positive 
constants pq and po such that 

= >"0^1". f €«<"-■>", (6) 

IK^')P.«)l<Pol?lt p,«€M(”-'>", 

for almost all z' G Ti. 

• H4 G VMO{'yi) for almost all t G Ai and 

sup J J \b{y',t)-bp^^>{t)\‘^dy'dt=: ql{r) ^0, y = (^',T), r-)■ 0. (7) 

p<r,z'eri JAp(t') J'fiH'fpi^') 

• H5 The function / G 'ip G L^’^(ri) where A = n — 3 + 2q;, a G (0,1), and n > 3. 

• H5’ The function / G L2-^-2+2«(g+; 5 ), and ip G L2-^-3+2«(rp 5), « g (0,1), n > 3. 


Theorem 2.1 Let assumptions H1-H5 hold, n > 3, and u E H be a weak solution to problem (CP, 
1^. Then 

1) G 5), V'u^ G L2-’^-i+2“(rR; 5) for any R<1, u^{z') = u{x', 0, t) and 


\u 


G\\2 


l£~+i+2“(rH(0);<5) 


+ llv'n 


G||2 


|2,2,n-l + 2a(r^(0);5) 


< cl 


( 8 ) 


Ho = ||n| 


i^2’°(Q7(o)) 


+ A 


G||2 


wi’Arpo)) 


+ 


L2,n-3+2Q(Q+.5) 


+ 


2 

^2,n—3+2 q: 


(ri;5)- 


where 


Theorem 2.2 Let the assumptions H1-H4 and H5’ hold, n > 3. Then additionally to the assertion 
of Theorem 2.1 u G 5), Vm G 5) for any R<1 and 


where 




C“(Q+(0);5) 


IV u\ 


£2.n+2a(Q+(0);5) < CLo 


(9) 


Ln — 


\U\ 


wf°{Q+{0)) 


+ M 


G||2 


lvyi’°(ri(o)) 


+ 


L2,™-2+2a(Q+.5) 


+ 


i2.n-3+2o,(r^.5). 


Theorem 2.3 Let n = 2, the assumptions H1-H4 hold and u be a weak solution to problem m, 

j®. 

I. Let f E L'^’^°{Ti;6), tf E L‘^’^°{Tp, 6) with some Xq E [0,1). 

Then 

i) E Vu^ E L^’\r,_„6) ifXo = 0; 

ii) E V'u^ E L2-2+Ao(r,_^;5), ao = ^if Xoe (0,1). 

II. Let f E L^’^<^+\Qt-,S), ijEL^’^°{Tp6), AoG(0,1). 

Then 

u E Vm G L2 -2 +Ao(q+_^.5 )^ 00 = ^. 

In all the assertions number q E (0,1) is fixed arbitrarily. 


3 Auxiliary results 


In this section we introduce versions of the Caccioppoli and Poincare inequalities for weak solutions 
of the problem and formulate 24(f)-caloric lemmas in an appropriate form. 

Lemma 3.1(The Caccioppoli’s inequality) Assume that the conditionsUl andHS hold, f G L'^{Qf), 
tf E L^{Ti). Then for all 2 ;° G Pi, Q^{z^) C Qf, I G a solution u of ^ satisfies the inequality 

Vu\^dz+ [ |V'Mpdr<^/ \u-l\^dz+ [ \u-l\^dT 

+cR^ [ \f\‘^dz + cR^ [ \ij\‘^dT. (10) 

Jq+{z 0) JrR(zO) 

The constants c depend on the parameters from conditions HI and H3. 

Proof It is not difficult to check that any solution of ([3]) belongs the class V (see the notation in 
Section 2). We omit smoothing in time the Steklov average procedure and put formaly in ([3]) = 

{u — l)^‘^{x)6{t) where ^(x) is a cut-off function for Bji{x^), .^ = 1 in Bjij 2 {x^), 9 E C'Q(Ajj(f°)), 9 = 1 
in Aji/ 2 {t^), z^ E Pi- Inequality flTOj) follows by the standard way. 









Remark 3.1 Let here and below u^{x',t) := u{x',0,t), vP = u{z) —u^{z') and I = {u'^)r,zO in dlH])- 
Then it follows from flTU]) that 


/ \Vu\‘^dz+ \Vu\‘^dT< — 

'Q+/2h°) R 


'rR/2(zO} 


'Q+{zO) 


\u^\‘^dz + — / 


+cR" 


'Q+{z°) 


Ifl"^ dz + cR^ 


Rr{z°) 


'dT. (11) 


Lemma 3.2 ( The Poincare ineqnality) Let the assumptions HI and H3 hold, z^ eTi, Q^{z^) C Qi 
Then for a weak solution u of problem m, m the following inequality hold: 

/ \u{z) - Ur/ 2 ,zA^ dz + / \u^{z') - u%i 2 zo\^ dv 

■tQf/2i^°) JrR/2iz°) 


< cR^ 


IV ur dz + 


Vu^PdT ] +cR^ 


\f\‘^dz + 


iV^pdT . (12) 


lQ+{zO) JTr{z^) ) V^<95h°) J^r{z.^) 

The constants c in depend on the parameters from assumptions HI and H3. 

Proof. As was noted in Lemma 3.1, weak solntion of ([3]) is a fnnction from the class V. For a point 
2 ;° G Ti and a cylinder Qfi{z^) we £x s G Anit^) \ Ar/ 2 {iP) and r G (s,t°). We £x the same cnt-off 
fnnction f^{x) as in the proof of Lemma 3.1. Let Xe{P) be a piecewise linear fnnction, Xe = 1 for 
t G [s, r] and Xe = 0 when t < s — e and t > s + e. To simplify the explanation, we omit the Steklov 
average procednre and pnt in (j3]) r/ = {u{z) — l)f,'^{x)xeit) with any constant vector I G . After 
simple calcnlations we tnrn e to zero, and obtain the ineqnality 


iB+ixO) 


\u{x, t) — l\ f dx 


1=1+ / \u^{x',t) -l\‘^f‘^d-f 


t—T pr p 

+ 1 / / / IV dx dt 

t=s JBr{x°) 



+ 1^0 / / \W u^\Rdx dt<p, / / IV u\f \u — l\ {V f\ dx dt 

's J-yRix’^) Js J Br{x^) 

+Lo [ [ —/| |V'.^| dydt + f f \f\\u — l\f'^ dx dt 

Js J y{x^) Js J Br{x^) 

\-iIj\\u^ — l\f^ d'y dt. (13) 



s JyR(x°) 

Now we pnt I = m p 3,0 (s) and estimate integrals with the constants p, and po in the way: 



pi I IV u\f\u —u%^,,,o{s)\\'\/f\dxdt < 6 snp / \u{x,t) — u%,,,o{s)\f dx 

's Jb+{x0) ’ te(s,t0) JB+{xO) 

+c/6 f [ \S/u\^dxdt, 

Js Jb+(xO) 



Pol I \Vu^\f\u^-u%,,,ois)\\Vf\d-fdt<6snp / c?7 

's JyR{x°) t£(s,t0) JyR{xP) 

-\rc/5 [ [ \W'u^\^ dx dt. 

Js JyRixO) 




Further, 



\u 


\f\\u — u^^o{s)\^‘^dxdt< 5 sup 

Is Jb+(xO) ’ t&{s,T) JB+(xO) 

and the integral with the function -0 is estimated in the same way. 
At last, by the Friedrichs and Poincare inequalities 


ulAs)\Y dx +I \f\Az, 


u{x, s) — dx < 2 I A^x, s)\'^ dx + 2 I \u^ {x', s) — u^ol'^ d dx 


'qA°) 


G(^i „.G |2 


/b+(xO) 


< cR^ 


IbUxO) 


iB+ixO) 

|V R{x, s)p dx + cR^ 




B+(xO) 

\V'u{x', s)p dy. 


Now we £x d = 1/8 and derive from flT^ that 

|n(x,r) - dx + 


\u 


'B+ixO) 




^^A,r)-ulAsAedj 


< 1/2 sup / 

te{s,tO) JB+{xO) 

+cR^ 


u{x,t) - u^^^o{s)\'^R dx + 1/2 sup / - M^_,,,o(s)|^d 7 


G^^i 


,G 


{te{s,tO) J'iB.ixO) 


dx + I |V'm'^(x', s)p dy + c / \V u\‘^ dz 


Ib+{xO) 


Iir{^°) 


’qA°) 


+c / |V'n^(x's)p dF + ci?^ / |/|^d 2 ; + ci?^ 


'rfl(zO) 


'Q5h°) 


/rpo) 


’dF. (14) 


Taking supremum in r G (s, R) in the left hand side of 0141) we obtain the inequality 


sup / 

rG(s,iO) JB+(xO) 


U( 


(x, r)-M^ 3 ,o(s)|^dx+ sup 


\u 


G/_/ 


(x',r) o(s)|^dy 


T£{s,tO) J-yRix^) 


< cR^ 


Ib+{xO) 


|Vm‘^(x, s)F dx + ci?'^ / IV ^(x , sf dy + c / iVnpd^ 


+c 


Rr{z°) 


\V dV + cR^ ‘ 


'QRzO) 


' dz + cR^ 


dF. 


IqUz°) 


RrIzO) 


(15) 


To estimate the left hand side of flT^ . we use the fact that any function <F(c) = Jjy\v — A dD takes 
its minimum in c = {v)d- Then the inequality follows: 


sup / 

teAR/2(t°) JB+^^{xO) 


u{x,t) - Ur/ 2 , xoRA dx + sup / A {x',t) - U%/ 2 .^^o{tA d^f 


,G 




< cR^ 


|Vm'^(x, s)|^ dx + ci?^ I |V'm'^(x', s)p dy + c / \V u\‘^ dz 


Ib+(xO) 




IQUzO) 


+cR^ / \Vu^{z'AdT + cR^ 

AaizO) 


' dz + cR^ 


QtizO) 


irRizO) 


'T. (16) 


The last inequaity we integrate over the interval Ar{R) \ Ar/ 2 {R) and divide by the measure of this 
interval. In a result we have 


sup / 

t6Afl/2(i°) A+^^ixO) 


U{x,t)-U r/ 2,xo{tAdx+ sup / A{x',t) - U^/^^^oRR d'/ 


,G 


Ar/ 2R) dyR/2ix°) 


< C 


/ \Vu\Az+ / iV'u^rdF +cR 

hUzO) JraizO) J 


\f\Az+ \AdT]. 

’qUz°) JrnizO) 


(17) 


Note that for a fixed s G \ A/{/2(f°) 


“'Qh/ 2 ( 2 °) 
and integral 


\u{z)-Ur/ 2 ,zo\‘^ dz < 


'Q 


R/2 


r 

\u{z)-ur^,,o{s)\‘^ dx < — snp / 
h°) 4 iGA«/2(tO) Jb+^^{xO) 


u{x,t)-UR^^o{s)\‘^ dx 


'rfl/ 2 h°) 




we estimate in the same way. 

Now estimate flT^ follows from ([15]). 


As was said in the Introdnction, we apply in this work A(t)-caloric method. Here we introdnce two 
assertions in an appropriate form n. 0- 

Lemma 3.3 Let positive numbers uq < po be fixed. Suppose that m = {n — l)N and A{t) is [m x m] 
matrix, A G L°°{Kr{z^)) , satisfying for almost all t G the conditions 

{Am,o>^o\e, i(A(f)eA)i<Aoieiihi, 

Let a function G iy^’°(rji;(2:°)) be fixed. For any e > 0 there exist a constant piQ,n, N) > 

0, an A{t)-caloric function h'^ in r/ 2 {z'^)), and a function cf G Co(r/j(x°)), snpr^( 20 ) < 1 

such that 

-[ i\h^{z')-h%^,o\^ + R^\Vh^\^)dT<2^+^ 4 {\u^{z')-u%,o\^ + R^\Vu^\^)dT;{18) 

-^r«/ 2 po) ’ Jrn{z°) 


4 \u^-h^fdT <e(4 {\u^ -u%,o\^ + R^\Vu^\^)dT] +C,R^Cl{R,c(>) (19) 

irfl/2h°) yJruizO) ’ / 


where 


CbiRyfi) = 


i. 


u° (!>, + {A(t)Vu'^,V'Z)) dr 


L.G V 7 ', 


( 20 ) 


Lemma 3.4 Let positive numbers v < p, be fixed, m = nN. Let an [m x m] matrix A{t) satisfy 
the conditions of Lemma 3.3 with the parameters u, p and m = n N. Suppose that a function 
u G M|r^(z 0 ) = 0. For any e > 0 there exist a constant p,m), an A{t)- 

caloric function h in Qr/ 2 (^^)> ^lrjj/ 2 (z°) = 0? o,nd a function cf G CgsnpQ+ |V0| < 1 
such that 


{\h\^ + R‘^\V h\‘^) dz < 


2^+2 _f 




aQtiz^) 


(Inp + R^ IV Mp) dz; 


( 21 ) 





u — h\^ dz < e 



(|Mp + R^ IV mH dz + C, R^CliR, 0 ), 


( 22 ) 




where 


C(-R, 0) 



(—M 0t + (A(t) V u, V 0)) (iz 


(23) 


Remark 3.2 It was proved in [2] that any A(t)- caloric function h in h|rjj(^) = 0, ^ G Ti, 

satisfies Campanato type integral inequalities. We introduce here the following estimate from Lemma 

4 PI: 



|hp dz < 




p <r < R] 


If h'^ is 74(f)-caloric function in then (see PP) 



\h hpj-o 


^dV < c 




\h — dr, 


p < r < R. 


(24) 


(25) 


4 Holder continuity of u on Pi. Proof of Theorem 2.1 


First, we apply Lemma 3.3 to estimate the function u^[x'R) = M(a;',0,f) G lF^’°(r/j(^°)). Here 
^0 _ g r2_R(2;°) C Fi are hxed arbitrarily. 

We put A^{t) = b{x',t) d'y. The matrix A^{t) satishes the conditions of Lemma 3.3 with the 

parameters uq < pQ. 

Now we £x an e > 0. By Lemma 3.3, there exist a constant Ce > 0, an A^{t) caloric function 
on Fj:j/ 2 (^°), and a function 0 G CQ(Fji;( 2 :°)), supp^^^o) |V'0| < 1 such that relations flT8|) and flT^ 
are valid. We put p{z) = (j){z') m{xn) in ([3]) where m G C^[0,i?], m(0) = 1, m{R) = 0. Now we 
estimate the expression £f,(R, 0) defined in (|20|) : 

A(R,0)<-/ |A6 | IV'm^I |V'0|dF + R-/ \upt- {a{z)Vu,Vp)\dz 

dT'R{z<^) 

+R-f \fp\dz + -[ |00|dF (26) 


where 

A & = &i?,xo(^) - b{z'). 

Taking into account that |0(2:OI A cR, |0t| < c/R, \pt\ < c/R, we estimate the right hand side of 
fl26|) and derive the inequality 


Cl{R, (j)) < c-I \u^\‘^dz + c-l dF + cR 


Q+iz) 


/ 

JTRizO) 


+cR^ 


Q+pO) 


l/l^dz + cRM l^l^dF 

driiizO) 

Vu\‘^dz + cql{R)-f iV'w^l^dF, u\z) = u{z) - u^{z').(27) 




We estimate two last terms in relation by flTTl) . Then we multiply new relation by and obtain 
the inequality 


< cql{R) R -I \u^\'^ dz + c{ql{R) + R) -I \u^ — ^o\‘^ dT 

Jr^RizO) 

+cR^-f \f\^dz + cR^-f li^l^dT. 
jQtR{z:°) Jt2r{z0) 

Now we introduce the function 


<h(r, 2 ;^) = r -T \u^\^ dz + 4 \u^{z') — dV^ r <2R. 

'Qt(z°) JvrizO) 


Then fl28|l can be written in the form 

R^ Cl{R, (j))<c {ql{R) + R) <h(2i?, z^) + cK{2R, z^) 


(28) 


(29) 


(30) 


where 

K{2R,z^) = R^ 4 \f\^dz + R^4 \ij\‘^dT. (31) 

JQ2r{z^) dr2R{zO) 

It follows from inequalities (1T8|) . flT^ . fl30|) and flTT|) that 



+ R^\Vh^\‘^)dT < c<h(2i?, z^) + cK{2R,z^), 


(32) 


-j \u^ - dr < (e + C,{R + qUR))) ^{‘^R, ^°) + C,cK{2R, z^). (33) 

d^R/2{z°) 

The next step of the proof is to apply Lemma 3.4 to the function in Q~^{z^), u^\rj^{zO) = 0. We put 
the matrix A{t) = ®(^) i) dx. For the hxed earlier £, there exist a constant C*, an A{t) caloric 

function h dehned in ^lrH/ 2 ( 2 °) = 0; ^ function 0* G C'o(Q^(2:°)), supg+^^o) |V 0*| < 1 

such that inequalities fl2l|) . fl2^ hold with instead of u. Using identity ([3]), we estimate the 
expression Ca{R,(f^*) in the way 


Ca{R,r) ■■ = 




(P; + {A{t)Vu^,V(j)*))dz 


<4 \Aa\\Vu°\\V(p*\dz 

dQtizO) 

(1)^ — {a{z)V u'^,V dz + 4 1/0*1 dz. 


(34) 


Recall that |0*| < cR and |0*| < c/R. Thus, 


(f>^ dz 


QU^°) 


- «i^o) (j)t dz 


Q5b°) 


< c R~ 


^4 \u^-u%^o\dr, 

JrR{z°) 


\f\\r\dz<cR4 \f\dz, 4 |aV 

Q+pO) JQi{z°) -tQ+pO) 


'u^,V(j)*\dz<c 4 iv'w^ldr. 

JTRizO) 









Now the estimate follows 


Cl{R, (p*) <-f \Aa\'^dz-[ |V^ ~ cih 

Jq+{zO) JQt(zO) R JraizO) 

+cR^ -f \f\‘^dz + -f iVu^l'^dT. (35) 

JQttizO) JrRizO) 

Then we can apply condition H2 and inequality flTT]) to estimate the hrst and the last integrals in 
the right hand side of fl3^ . 

In a result, we obtain the inequality 


R^CliR,z^)<c{qliR)R-^ + l)m2R,z^)+ K{2R,z\ (36) 


Now it follows from (12^ and fl36p that 



< c{e R ^ 


\u^ - h\‘^ dz < e-f + r^\Vu'^\‘^)dz + C* R^ C^iR^cp*) 

(zO) JQpizO) 

+ c; (ql(R) fl-' + 1)} t(2fl, z°) + cC; (qliK) B-' + 1)B(2B, 0 “). 


(37) 


On the next step we will use known estimates for A{t) caloric functions and h (see Remark 3.2) 
and estimates (1331) and fl37)) . 

The following chain of the inequalities are valid for p < R/2\ 


^{p,z^)=p-f \u^\‘^ dz +-[ dr < 2p-/ \u^ — dz 

jQ+izO) dTpizO) ’ JQtizO) 

+ 2p-f \h\‘^dz + 2-f K-u*^ — h*^) — (-u^^o — dr + 2-/ dT. (38) 

Jq+{zO) dTpizO) drp{zO) 

Applying estimates fl2^ and (1251) for A(t)- caloric functions h and p < R/2, we obtain from (138|) 
the inequality 




71 + 2 p / d \ 77+1 ^ 

dz + c ( — ) -f —h'^l^dT 

VP/ /rfl/2(^°) 

2 r /n\2 


(s) 




Ihl^d^ + c^-^^ -I - hR/2,zo\'^ dr. 

0) /r«/2po) 


(39) 


Now we use (1^ and (1TT|) to obtain the inequality 


-/ \h\‘^dz<cR-\^{2R,z°) + K{2R,z°)). (40) 

Further, applying relations (13^ . (I33l) . (1T71) and (HOl) . we estimate the right-hand side of (l3^ with 
r = 2R as follows: 

$(p,+) < Co +cQ +4Q [r + ql{r) + ql{r)^^{r,z^) 

+CscK{r, +), p < r/4, Ce = max{0*, Ce}. 


(41) 


It follows from the assumptions H5 on /, -0 and the definition fl3Tl) that 

K{r) < n > 3, 

Kq = ll/lli2.A(Q+.5) + IIV^Ili2,A(ri;5)- 

We put now in fl^Tj) p = rr with r < 1/4 to be chosen later. 

Then 


$(rr,z°) < Co{r2 + + 4r-(”+^)[r+ g2(r) + g/(r)]}<l)(r,z°) + 

Now we fix /3 = /3 > a, and choose r to satisfy the relation 

2 

CqT < g . 

Further, we fix e: < 1 in the way 

t-2/3 

co£r-("+')<—. 

The parameters r and £ are fixed by the data of the problem and do not depend on z^. 
At last, we can specify the choice of tq = 2Rq by requiring that 

+ ql{ro) + ql{ro)] < —. 

In a result, 

4>(r r, + c ATor^". 

Proceeding by induction in relation fl46|l for Vj = r, j G N, we obtain the inequality 

4)(r^z°) < r2"^(<I)(r,z°) +CiiFor2"). 


We can assert now that 


a*’) < c a'^) + , V/s < r < Tq. 


Thus, 


(42) 

(43) 

(44) 

(45) 

(46) 

(47) 

(48) 


snp [ \u°\^dz+ f 111*7 - ti^opcfri 

r<ro V.iQp(i*') 4r.,(i0) ' / 

< <;(>-o‘)(I|V + II V'«°|||,,r,, + A'„) < c(r„-') M„, (49) 

where Mq is dehned in (|H]). Taking supremum in G ri_g(0) in the left-hand side of (14^ . (g G (0,1) 
is any fixed number, tq satisfies fl45|) and tq < q), we obtain the estimate of the seminorm of in 
/:'’"+i+2“(ri_,(0);5): 

[-u*^]£2,n+i+2a(r^_^(o);5) < c{rQ \ q (IIV m||l 2 (q+(o)) + II V''u‘^||^2(rpo)) + -^o) < cMq. (50) 

Due to the isomorphism between £^’"'+^+^“(ri_g(0); 5) and C"(ri_g(0); 5) in the parabolic metric, 
we obtain estimate of C^-norm of in ri_q(0). Moreover, estimate (lllj) provides that 

11^'^*^llL2."-i+2a*(ri_5(0);(5) — cMo, 


and estimate (IHD follows. • 



5 Proofs of Theorem 2.2 and 2.3 


Here we consider problem ([I]), ([ 2 ]) in the form 

Ut — div{a{z)'V u) = f{z), zEQf, (51) 

w|ri = (p{z), (52) 

where (j){z) = u^{x',t) and / G 5). If all assumptions of Theorem 2.2 hold then 

u^{x',t) e C"(ri_q(0); 5), Vg G (0,1) by Theorem 2.1. 

Here we prove further smoothness results for u. First, we want to recall some known results on the 
regularity of solutions flSTl) . fl5^ . 

Proposition 5.1. Let N = 1, n>2, the assumptions HI—H4 hold, f G TP(Q+J, p > n > 2, 

and tjj satisfies the condition H5 with a = 2 — > 0. Then u G 5) with some (3 < a and 

R < Rq . 

This result is a consequence of a weak form of the maximum principle (see, for example 121 ], 
Chapter HI, §10). Indeed, if / G L^’(Q^) with p > then it belongs to the space ; 5), 

a = 2 — > 0. Using Theorem 2.1, we can assert that G C'“(ri_g(0); 5). Thus, by the 

mentioned integral form of the maximum principle u G 5), fi < a in the scalar case. 

Let now iV > 1 and the assumptions of Theorem 2.2 hold. Analyzing the proof of Theorem 1 in 
[T] where regularity problem for quasilinear systems was studied, one can assert local smoothness of 
weak solutions of systems (15T|) . More exactly, the following proposition is valid. 

Proposition 5.2.Let the matrix a satisfy the conditions H1,H2, n>2, / G L2’’^-2+2“(Q+;5), 

a G (0,1), and u be a weak solution of if5l\) from Hi = Then u G C“(Q'; 5), VQ' CC Qf, 

and 


\u\ 


Q'-,S) + 11^ M||L2.n+2a(Q/.5) < Cl 11«11 iTj + C2 \\f\\l2,ri-2+2c,fQ + 


C“(Q';<5) 


(QF<5)- 


Moreover, for any ^ E Q' and p < r < S(f, dp(Qf)) 


(53) 


$(P,0 


1 

pTi-\-‘2,-\-‘2,OL 



< C3{4(r,{) + 11/11^2, „_i+2.,g+, 3,}. 


(54) 


The constants Ci — C 3 depend on the parameters from conditions HI, H2, a, and the constant ci also 
depends on 5{Q' ,dpQf) > 0 . 

As a consequence of Proposition 5.2 and Theorem 2.1, we obtain the following assertion. 

Proposition 5.3. Let the assumptions HI—H4 hold. // 2q; — 1 > 0 m the assumption H5’ then 
u E 6) with (3 = a — 1/2 > 0 and any fixed q E (0,1). 

Indeed, if z^ G ri_q(0) then by Theorem 2.1 for p < ro < q 


T(p,/) : = 


1 

pn-\-l-\-2(y. 





dz < 


1 

pn-\-\-\-2oL 



U — U 


G 

p,zO 


^ dz 


< - 


\U 


0|2 


dz + 


2p 


'Qp{z°) 


, 71 + 1 + 20 ; 


P 


\u 


G 


'rp(^o) 




dr, u^{z) = u{z) — u^{z'). (55) 









The right hand side of fl55l) can be estimated by Theorem 2.1. Thus, 


2 ;°) < cLo 

for any point G ri_q(0), here tq does not depend on and Lq is defined by (E]). 

The standard procedure of ’’sewing” together local inner and boundary estimates for T(p, •) provides 
estimate of this function for all ^ G We remark that n + l + 2a = n + 2 + 2/d, (3 = a — 1/2, 

and the Holder continuity of u in Q^_g(0) follows with the exponent (3 = a — 1/2. We do not explain 
in details the proof of Proposition 5.3 because below we prove the more strong assertion of Theorem 

2 . 2 . 

Proof of Theorem 2.2. 

We start with the transformation of problem fl5T|) . fl52|) to the homogeneous one. 

We put u^{z) = u{z) — u'^{z'), M°|ri = 0, and define a weak solution to the problem 

u/— div{a{z)V vP) =—uf + div{a{z)V'vP) + f{z), 2:G(5i^(0), (56) 

M°|ri(o) = 0. 

Definition 5.1. A function G hk2^’°(Q]^(0)), M°|ri ( 0 ) = 0, is a weak solution to problem if it 
satisfies the identity 

f [—u^r]t + {a{z)Vu^,Vr])]dz= f [u^ rjt — {a{z)V'u^p) + f p] dz (57) 

Jq+{ 0) JQtW 

0 1.1 

for any r; G W 2 (Q^(0))- 

To prove Theorem 2.2 it is enough to state Holder continuity of in (5i'_q(0), q G (0,1). 

As a hrst step, we prove that there exist half derivatives in t of the functions u and u'^. 

We fix z^ G ri(0) and Q 2 r{z^) C Qf. Let uj{t) G C'Q(A 2 ij(f°)), u}{t) = 1 in Aij(f°); let d{x) be a 
cut-off function for B 2 r{x'^), d{x) = 1 in Br{x^). Note that |c(;'(f)| < |V d{x)\ < We put 

v{z) = {u{z) - u{t) d{x), 'y|aQ+^(^o)\r 2 ^(^o) = 0, (58) 

and prove the following proposition. 

Proposition 5.4. Let assumptions HI, H3 hold and u be a weak solution to problem 1571) . Iddl) in 
Qtniz^) C Q+(0), z^ G ri(0). Then 

1) n G H^/^{A 2 Rit°); L^{Bf^{x^)), G H^/‘^{A 2 Rit°)-, L^{'y 2 R{x^))) where v defined by 

and 




\V 


G||2 


< ci{||Vn| 


2,Q+izO) 


+ l|V'n'^|||r2flpo) + R 


2Ry 




l2,Q+^pO) 


-f- \\u^ — u' 


G 12 
'2R,zO)\2,r2R 


) 


2 

2,Qhj 


+ Il^lllr2j}; 


(59) 





2) u e H^/\KR{t%L\B%{x^))), e H^/\AR{t%L\^R{x^))) and 

ll“llHl/2(A«(tO).i2(B+(^0))) + ||M^|lHl/2(Afl(tO);L2(7fl(xO))) 

\lQtn + \\nlvJ} 


<c,{\\Vu\\Iq^^ + \\Vu^"^ 


2 X 0 


(60) 


The constants ci and C 2 depend on the parameters from the conditions HI, H3, n, N, and do not 
depend on and R. 

Proof. We consider identity (|53il with p{z) = u(t)d{x)f{z) where u;(t) and d{x) are the same as 
in (158|) . The function f G W^’^iQ) fl (f), here and below we denote 

Q = B+^{x^) X MS f = 72 ^j(a;°) x Mb 


The identity (15^ with the hxed rj we rewrite in the form 


f -vftdz+ I -v^ftdT= j [[^^Vi) + Ff]dz+ j [{^^,V0 + F^f,]dT (61) 
T2r{z°) Qtni^^) ^2 r{z°) 

where 

^{z) = {a{z)V u) u{t) d{x), ^^{z') = {b{z')'V'u^) u{t) d{x',0), (62) 

F{z) = {u{z) — Mk,^o) uj'{t) d{x) + (a(z)V u, V d) oj{f) + f{z)uj{t) d{x), 

F^{z') = {u^ — u^^^o)oo'{t) d{x', 0) + {b{z')'V'u^, 'V'd{x', 0))cj(t) + '4’(z') uj{t) d{x', 0). 

We put f{z) and ‘ip{z') = 0 for t eM} \ A 2 r{F) and remark that the functions v, v^, $, F, and 
F^ vanish for t G M^ \ A 2 r{F). The identity fl6T]) can be written in the form 


[-vftdz+ ! -v^i,dV= l[{^,Vi) + Ff]dz 
JQ Jr Jq 

+ ^[(<i>«, v'O + F^f] dr, ve G W2'’'(Q) n W2'’'(f). 

For any w{t) G L^(M^) we dehne the Steklov averages 

1 1 /■* 

Wh(S = ^ / w{T)dT, Wj;;{t) = - w{t) dx. 

We put ^(z) = gp;{x,t) in fl6^ for any g G fl IFS’^(f). 

It allows us to transform fl63ll in the way: 


(63) 


[ -Vh gtdz+ f -v^ gt dT = [ [($/,, V g) + Fhg]dz + [ [(<I)f, Vg) + F^ g] dT. (64) 
Jq Jr Jq Jr 

If to £x g{z) = xit) 6{x), x e ^^(MS and 9 G Wf{Bfj^{x°)) fl lF 2 H 72 i?(a;°)), ^\s+^{xO) = 0, then 

- / X'i't)[{vh,9) 2,B+ + , ^)2,72fl] dt 

Jki 

= [ + {F,,9),^^^ +{^ive)2,,,, +{F^,9)2,,,,]dt 

JRI 


(65) 


for any y G 

By the definition of the weak derivative, 


dt . 


{vh, ^)2,b+ + (n^, 0)2, ^2r — Kh{ 0 ) 


for almost all t G here 


Kh{ 0 ) {^h-,'^ 0 ) 2 ,B+ + i^h,d) 2 ^B+ + )'^^^)2,72fl + {^h,(^) 2 , 


'12R- 


( 66 ) 


If we £x 6* G hh 2 (-®zR(^°)) then 


d 




(67) 


for almost all t G 

Now nsing well-known properties of the Steklov averages (see, for example, [21], Ch.2, Lemma 4.7, 
Ch.3, Lemma 4.1) we obtain the relation 


= *»(*). * e B". 


( 68 ) 


By p{a) we denote the Fonrier transformation of a fnnction p ^ L 


Pi.(^) = - 7 ^ / P(t) exp dt 
V27r jRi 




We apply the Fonrier transformation in t to eqnality fl68l) and get 

-ia{vh{x,a),e)^ j^+ - z a(n^(a;, a), 0 ) 2 ,^ 2 « = Kh{e). 

’ ZJrl 

Mnltiplying the last relation by i sign a and pntting in it 0 = Vh{x,a) we obtain the relation 


“I \\vh(x,a)\\lgt + |a| l|i>f(x',a)|| 2 ,,„ ^ isignal{i>k,V vi,) 2 ,b}„ + (Ph,vu) 2 ,B* 


+(4« + 

Now we integrate the last relation in a G and derive the following eqnality: 

Jh-= \a\\\vh{x,a)\\l^+da+ \a\\\Vh{x',a)\\l,^^^da (69) 

7r 1 ’ jRi 

= / i sign «{(<!>,„ V Vh) 2 ,B+ + i^h, Vh) 2 ,B+ + ^''>^h) 2 n 2 R + > v^) 2 ,j 2 R}da. 


The Parseval’s eqnality provides the estimate 





Let now —)■ 0 in flTOll . Then 


J = lim Jh 

h^O 


Iffl/2(R1;L2(B+ (xO))) 


+ T' 


G||2 


;L^{'r2R{x°)))' 


Thus, 


— 11*^112,(311^+ 11 *^ Il2,f 11 ^ ^ Ii2,r ' ""VII" 112,(3 ' II" ii2,r 


+ liWinio + WF^Wlr) + R~"iMlQ + ll^^lllf)- (71) 


,,G||2 
\2T/ 


Using dehnitions fl58l) and fl6^ of the functions n, <h, F and we derive estimates fl5^ 
and 


The next step is to derive the energy estimate for a weak solution vP of problem fl56l) . 

Proposition 5.5. Let the assumptions HI—H4 and H5’ hold, he a weak solution to problem 
For any fixed G ri_q(0), 2R < q, where q G (0,1), the following estimate 


Vu^l'^dz < 




F2 


'Q+j(^0) 


\u^\^dz + cho 


(72) 


is valid where Lq is defined in 

Proof. We fix a number q G (0,1), a cylinder G ri_g(0), 2R < q, and put in fl57|) 

0 14/2 

p = u^{z)oj‘^{t) d?{x) G IU 2 (QiR('^°)); fhe functions d{x) and oj{t) such as in (158|) . Let v be the 
function defined by fl58|) . we put 

v^{z) = u^{z) uj{t) d{x), v^{z') = u^{z') uj{t) d{x', 0), = u'^{z') — (73) 

w^{z) = u^{z') oj{t) d{x), v{z) = v^{z) + w^{z). 

After trivial calculations in (157|) with the fixed p we use estimate ([8]) and obtain the inequalities 


/ \Vv \ dz< \ J 2 r\ + 


dz + 


'=2flV 
7G,G|2 


'Q 2 


R 


— u. 


G |2 
2R\ 


dT 


^2R 


+cR I \Vu^\'Ur + cR^ l/rdz < |J2 r| + — / \ufi^dz + choR 
h^R Jq+ R Jq+ 


n-\-2a 


where the integral 

we estimate below. 

As e C“(ri_,(0)), 

i 


J 2 R= / up{z') uj{t)d{x)v^{z) dz 
'fQtR 


{z')v^{z)u)'(t) d{x) dz 




0|2 


dz + cho 


(74) 


and it follows from fl74|) that 



Vv°\^dz<c\l2R\ + ^ f 


dz + cho 


(75) 




where 


72R — 

f wf{z)v^{z)dz 


jQtRizO) 


To estimate \I 2 r\ we go back to the proof of the Proposition 5.4 and apply the Fourier transformation 
(with respect to the variable t) to the relation fl67j) . Then 

-i a{vh{x, a), 0{x)\b+^^^o) = (4>h(a:, a), V 0)^ ^+^ + {Fh{x, a), 0 ) 2 , 5 +^, 

0 ^ 

for any 9 G hF 2 (S^(a;°)). 

We multiply the last relation by i sign a and put 6 = n°(a;, a). It follows that 
|a| K(^,«)w°(a^,a))2,i?+, sign a [(<h/^, V ^0)2,^+, + 

As hfc = we obtain (after integrating in a G the last relation) that 

/ W\\K{x,a)\\lj^+ da+ j \a\{w^,vl)2^^+^da<\\<!>h\\2,Q\\Vvl\\^Q + \\F4^Q\\vl\\2Q^ (76) 


Taking into account the inequality 


«l i^h^^h)2,B+da 


<5/ H+ 5 


a\ ll^'°ll2,B+_ da, 


we derive from (1761) that 

/ I® I ll^hll2,B+^ — / I® I ll^/i II2,^ 11 *^^ 112 ,( 311 ^ II2,(3 ^ II-^^112,(3 11^, 

J J 

If h —)■ 0 in the last inequality then 

ll^°llil/ 2 (Rl,L 2 {B+^(xO))) ^ 2 ||*h|| 2 ,Q+^(^ 0 )||Vn°|| 2 _Q+^ + 2 ||i^|| 2 ,Q+jll^°ll 2 ,Q+j 

|2 

lr/l/2(Rl,L2{S2+j(xO)))- 


on 

h\\2,Q- 


(77) 


+11®°'"= 


By the definition of the function and due to the Holder continuity of the function u^(z') along 
ri_q(0), we obtain from fl77)l that 


\w 


G||2 


>27 Au^{x',t)uj{t) - u^{x' 


Ihi/2(A2«((0),L2{S,+„(x0))) 


'A27{(i°) J 


F{x)- 


\t-T\ 


dx dt dr 


(78) 


< cLofi”+'=“. 

Using the definition fl62l) of the functions <I> and F, we derive from (1771) and (1781) the inequality 


,0||2 < /-lly? -I_I „][ jDn+2a 

MI// 1 / 2 (A 2 ^( 70 ),L 2 (s+^)) A C||V n || 2 Q+^ + T19 +ClLoi< 


Now estimates (ITHl) and (17^ allows us to estimate the expression |/; 


(79) 


2i? • 


I2r\ < lk‘^llr7l/2(A2H(tO),L2(i3+„)) lb'^llr/l/2(A2^pO)^i2(s+ )) 








|.Qll2 _lii(j-ii2 

< £ ||W ||^l/2(A2^(tO)^i2(s+^)) +£ ||W ||^1/2(A2«(40 )^a2(s+^)) 


<^l|Vt^°||' + +cLo(£-^ + l)i?”+2a + 


r ll?/0||2 


, Ve > 0. 


We put £ = 1/2 in the last inequality and apply it to estimate the right hand side of fl75D . Thus, 

,0|2 ^ ^17 iyn+2a , „ d-2 


\Vv^\'Uz <choR^+'^°‘+ cR-'^ I \u^\‘^dz. 


(80) 


As in estimate fl72|) follows from flHOl) . 


Proof of Theorem 2.2. Let now z^ G ri_g(0) where the number q G (0,1) is hxed arbitrarily, 
and a cylinder Q 2 r{z^) C 
We put 


^(p^z'^) = 4 \u4z)\^dz, p<2R, u^z) =u{z)-u^{z'). 

JQp{zO) 

For a hxed £ > 0 and the matrix 


A{t) = -4 a{x, t) dx 

Jb+{xO) 

we apply Lemma 3.4 to the function G W 2 ’^{Qr{z^), w°|rfl( 20 ) = 0. By the lemma, there exist 
a constant C^, an A(t)-caloric function h G {Q^j^^z'^)), h|r^/ 2 b°) ~ ^ function 0o ^ 

CI{Qr{z^)), supq^(^o) |V 0o| < 1, ( |0o| < cR, |(0o)t| < ji) such that 


{\h\^ + R?\V h\^) dz < 2”+2 / (|„ 0|2 ^^2 

Oj/2b°) 


(81) 


\u^ -h\^dz<e 4 {\uy+ R^\Vu^\^)dz + CeR^Cl{R,(f)Q), 

Q+/2h“) 


(82) 


where 




(-n° {4>o)t + {A{t)Vu^,V(l 2 o))dz 




We estimate the function T(p) = T(p, 2 ;°), p < i?/2, with the help of the Campanato estimate fl2Tl) 
for the A(t)-caloric function h, inequalities flSTl) . fl8^ . and the Friedrichs inequality: 


T(p) < 2 


+c ^ 


\u 




° —hpd^ + 2-/ Ih]"^ dz < c 


n+2 


Q?(2°) 


QS/2b°) 


|m° — hp dz (83) 



Q5/2h°) 


|h|^ dz < c 


[sR^ 4 |V 

JQtizO) 


u^\^dz + C,R^Cl{R,(t)o)\ ( - 
QSb°) V P 


ri.+2 


- (I) 


Jq+{zO) 


dz. 


By estimate fl72|) . 




4 |V dz < c 4 

dQ+pO) JQ 


dz + cLn 




(84) 





It follows from fl8^ . flHlll that 


\['(p) < c 


P\ 

r) 




n+2 


^(2i?) + cLo + C, Ci{R, 0o) - 


R\ 


71+2 


P 


J 


( 86 ) 


Now we address to identity (j57jl to estimate Cl{R,(j)o). We put 

A a = a{x, t) — A{t) 

and attract conditions H2, H5’ to derive the inequalities: 


C-l{RAo) = 


(A a V V (/)o) dz + 4 [ii^ (0o)t - (a V'u*", V 0o) + / +] dz 
Qr JQt 


<4 \Aa\‘^dz-f IV dz +-f dz-j \{(j)o)t\‘^ dz + c -f \'V'u^\‘^dT 
ht dQ+ Jq+ Jq+ Jv2r 


-2+2a 


+cR^4 \f\^dz<qi{R)4 \V dz + cho R 

Q 2 R 

Certainly, we have used estimate (IH]) from Theorem 2.1. Now it follows from (j85ll and (ff2ll that 

71+2 / d \ ^+2 


T(p) < c 


P 


R 


R! +T 7 * 


(7)' 


T(2i?) + cLoi?' 


2a 


We put r = 2R in the last inequality and obtain the relation 


'I'(p) < Co 


71+2 


71+2 


Now we fix > a and put p = rr, r < 1/4 in flHTD : 


( 86 ) 


r) 4'(r) + cir2"Lo, Vp<r/4. (87) 


^(rr) < Co[+ + £r-("+2) 

Further we fix r < 1/4 such that 


^ 2/3 


CqT < 


Then we put £ > 0 to satisfy the inequality 


-(n+2) 


^2/3 


Co^r ^ ^ ’ < 


At last, we £x tq: 




-2/3 


( 88 ) 


(89) 


(90) 


(91) 










Under conditions fl8^ - flMl) we have the inequality 


'^{rr) < r^^\I/(r) + Cir^"Lo. (92) 

For the fixed T,e, tq, we can change r by rV, j E M, and repeat all considerations. In a result, we 
get 


7-2“t]L,Q 

The iterating process provides that 

T(r-^^V) < Cl r^'^-^T(r) + C2 Lq 

The constants ci and C 2 in fl9^ and fl9Tll do not depend on and r. 
It follows from fl9T|) that 


'h(p) < + Lo ) , Vp < r < ro. 


Thus, for any E ri_q(0) 

1 

p<ro P 




\u^\^ dz < I dz + Lq}. 


'Q?oh°) 


Taking into account that E C"(ri_q(0); 5), we derive from fl96l) that 


$(p,z°) := 


P' 




U — Ur, rop dz < 




’'P,Z 


p‘ 


(12-1-2-1-20; 




\u — dz 


pTi-\-‘2-\-‘2(y. 


■u°P dz + 


2p 




,72-|-2-|-2o 


p 


'rp(^o) 


W^-ulA^'dv 


— 0 

It follows that 


< c(rn )|||m||^^1.0|-q+j + ||m lliyl.O(p^)} + C 1112 ||j^2.n-2+2Q,(Q+.5) 


+ IIWII I,2.n-3+2a('r^.5)P 


(93) 


(94) 


(95) 


(96) 


sup <I)(p,^°) < c(ro^){||M||^i.o, +. 

z°&Ti-q, p<ro ^ ^ 


M 


G||2 


wi’°(ri) 


} + c(||/|| 


2 

p2.n-2+2a(Q+.5) 


+ 


2 

J^2,n—3+2oc 


(ri(0);5) 


)• 


(97) 


We recall that in estimate fl97)) the number tq < q depends on the data only. 

At the same time, it follows from Proposition 5.2 that <I>(p, ^) is estimated for ^ G Q^_q(0) and 
p < (5(^,ri) (see (l5T)) b Usual ’’sewing ” procedure allows us to derive the estimate 

sup $(p, 2 °)<cLo. (98) 

P<ro,z°eQt_g{0) 


It means that the seminorm of u in £^’”+^+^"(Q^_g(0); d) is estimated. By the isomorphism of this 

space to C°'{Qf_g{0); d) we have got estimate of the Holder norm of u. Further, using estimate fl72|) . 
we derive (jH]). • 










Proof of Theorem 2.3 To prove the assertion I we should repeat proof of Theorem 2.1 up to the 
relation fjTTl) . In this case 


A„ = (99) 

and inequality fl50ll is valid with oq = and Kq defined by Indeed, taking into account the 
definition fl3ip of the expression K{r) and the assumptions on / and "0, we obtain validity of fl99p 
and the assertions i) and ii) of Theorem 2.3. 

To prove the assertion II of Theorem 2.3 we repeat all steps of the proof of Theorem 2.2 with 
/ e and xjj G 5) where Aq G (0,1) and ao = • 
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